We provide improved bounds for the order of finite odd order permutation groups and complex linear groups, expressed in terms of the smallest prime divisor of the group order.
We also remark that when n = p k for some prime p and positive integer k, a Sylow p-subgroup of S n has order p n−1 p−1 .
The theorem above has some consequences for the structure of general finite (solvable) groups of odd order.
For a finite group G, let F (G) denote the Fitting subgroup of G and Φ(G) denote the Frattini subgroup of G. Let F k (G) denote the k-th Fitting subgroup of G, which is defined inductively via:
Corollary. Let G be a finite solvable group of odd order and let p be the smallest prime divisor of |G|. Then:
otherwise.
Preparatory results

General principles
When attempting to bound the size of subgroups of S n , it is common to seek a bound of the form |G| < c n−1 for some constant c if G belongs to a chosen collection C of finite groups (we remark in passing that there is no such constant c when C contains all finite groups, since n! grows faster that c n for any constant c). However, such bounds occur frequently: if G is a nilpotent subgroup of S n , then it is well known that |G| 2 n−1 , and equality is attained whenever n = 2 k , taking G as a Sylow 2-subgroup of S n . The constant c = 24 1 3 is known to be minimal choice of c when C is the collection of all finite solvable groups.
Such bounds are amenable to inductive proofs as we now indicate. If C is closed under taking normal subgroups and homomorphic images, and we know that the bound holds for groups in C of order less than |G|, then we may reduce to the primitive case as follows. If G is intransitive, but has r orbits of respective sizes n 1 , n 2 , . . . ,n r , then G embeds in a direct product In this paper, we wish to vary this type of argument slightly. We wish to allow the constants c, d and t to be replaced by functions which may depend on the group G ∈ C. Examination of the arguments shows that this is permissible if the following conditions are satisfied (when C is closed under taking subgroups and homomorphic images).
The arguments above show that when these conditions are satisfied, if we wish to prove that whenever G ∈ C is a subgroup of S n , we have |G| c(G) n−1 , it suffices to consider the case that G is primitive. Similarly, if we have established the bound for subgroups of S n in C, and we wish to prove that [G :
finite subgroup of GL(n, C), then it suffices to consider the case that G is (irreducible and) primitive as a linear group.
We will use the functions α(p) in the role of both d(G) and t(G), and β(p) in the role of c(G),
where p is the smallest prime divisor of |G|. The collection C we are considering is the collection of finite (solvable) groups of odd order. If Y is a section of X ∈ C, then the smallest prime divisor of |Y | is certainly greater than or equal to the smallest prime divisor of |X|. We need to show, then, that functions α and β decrease as primes increase, and that we have α(p) β(p) for all odd primes p.
We need some elementary calculus. We define functions f , g, h, k on (e, ∞), ).
for all primes q > 3.
Proof. The first claim of i) follows because of the monotonicity of f and g. For the second one,
For ii), note that h( 
).
iii) We may suppose that q 7. Then
. P
Some assumed results
We summarise some well-known facts about representations of solvable groups which we will freely use. We outline a proof in some cases. If G is a finite solvable group, 
then F (G/Φ(G)) = F (G)/Φ(G) and this is a completely reducible module for G/F (G). For each prime divisor of |F (G)|, O p (G)/O p (Φ(G)) is a completely reducible GF(p)G-module, on which
when G is solvable of odd order. For each prime divisor q of |F (G)|, we have a ho- . Since G/F (G) embeds in the direct product q∈π (F (G)) Im φ q , the stated bound follows.
We will make implicit use of the fact that if G is a finite group, then |G| and |G/Φ(G)| have the same prime divisors. For if some Sylow q-subgroup Q of G is contained in Φ(G), then Q ¡ G and there is a complement N to Q by the Schur-Zassenhaus theorem, a contradiction.
When q is an odd prime, a completely reducible subgroup G of odd order of Sp(2m, q) lifts to a finite subgroup of GL(m, C). To see this, we may suppose that G is irreducible. Then, after extending the ground field to a splitting field, the natural module decomposes as a sum of r Galois conjugate absolutely irreducible modules of equal dimension d, each of which affords a faithful representation of G. By the Fong-Swan theorem, G is isomorphic to an irreducible subgroup of GL(d, C). Hence d must be odd, so that r is even and d m.
Let G be a finite primitive solvable subgroup of odd order of GL(n, C) where n > 1. Suppose
Then each P i has nilpotence class 2 and is extra-special of exponent p i , Z (G) is cyclic, and
divides n and for each i, there is a homomorphism 
We also remark that the symplectic action of G i allows us to construct the semi-direct product P i G i with G i acting trivially on Z (P i ). The for p ∈ {3, 5}. P
